This study proposes the Chebyshev Wavelet Colocation method for solving a class of rthorder Boundary-Value Problems (BVPs) with nonlocal boundary conditions. This method is an extension of the Chebyshev wavelet method to the linear and nonlinear BVPs with a class of nonlocal boundary conditions. In this study, the method is tested on second and fourth-order BVPs and approximate solutions are compared with the existing methods in the literature and analytical solutions. The proposed method has promising results in terms of the accuracy.
Introduction
Many physical phenomena may be modelled by differential equations with nonlocal boundary conditions. Therefore, they have a great attention for researchers of mathematics and physics. Nonlocal conditions occur when values of a function on the boundary are depended on values inside the domain or when direct measurements on the boundary are not taken. These problems with nonlocal boundary conditions are found in many problems such as population dynamics, the process of heat conduction, control theory, theory of elastic stability, evolution equation for species population densities, image processing, porous media flow and turbulence [1, 2] . Henderson et al [3] considered uniqueness questions for certain nonlocal boundary value problems for the nth-order linear differential equation. Xue [4] studied the existence of integral solutions for nonlinear differential equations with nonlocal initial conditions in Banach spaces. Babak [5] investigated the uniqueness and existence of nonlocal initial problems for a system of nonlinear parabolic equations weakly coupled with ordinary differential equations. Liang et al [6] established some new theorems about the existence and uniqueness of solutions for semilinear integrodifferential equations with nonlocal initial conditions. Geng et al [7] gave an effective method for solving nonlocal fractional boundary value problems based on the reproducing kernel theory. Zhou et al [8] discussed the nonlocal Cauchy problem for the fractional evolution equations. All methods given here such as, Finite Difference Method (FDM) [9] , Shooting Method [10, 11] , Adomian Decomposition Method (ADM) [12] , Variational Iteration Method (VIM) [13] , Homotopy Analysis Method (HAM) [14] , Sinc-Collocation Method (SCM) [15] , Differential Transform Method (DTM) [16] , Optimal Homotopy Asymptotic Method (OHAM) [17] , combination of the VIM and the Homotopy Perturbed Method (HPM) [18] , Reproducing Kernel Method (RKM) [19, 20] , Monotone Iterative [21] and a spectral method based on operational matrices of Bernstein polynomials using collocation method [22] were used to solve multi-point BVPs. Tzanetis et al [23] studied a nonlocal problem modelling Ohmic heating with variable thermal conductivity including an analysis of the asymptotic behaviour and the blow-up of solutions. Bogoya et al [24] studied a nonlocal diffusion model analogous to heat equation with Neumann boundary conditions and proved an existence and uniqueness of solutions. Pao [25] studied some dynamical property of a reaction-diffusion equation with nonlocal boundary condition. Pao et al [26, 27] investigated a class of fourth-order nonlinear and semilinear elliptic boundary value problem with nonlocal boundary condition. The Legendre and Chebyshev wavelets operational matrixes of integration and product operation matrix have been introduced in [28, 29, 30, 31] . Our analyses show that there are some disadvantages in applying Legendre wavelet and Chebyshev wavelet. In [32, 33] , these disadvantages are eliminated by Ç elik with the Chebyshev Wavelet Collocation Method. This study presents a Chebyshev Wavelet Collocation Method for the solution of the rth-order linear and nonlinear BVPs given in the following form:
with the nonlocal boundary conditions
where m 1 , m 2 , ... , m β are positive integers satisfied m 1 + m 2 + ... + m β = r − 1 and a < x 1 < x 2 < ... < x β +2 < b, b i, j , b r are real numbers. The uniqueness of the BVP in Eqs. (1.1), (1.3) has been discussed in [4] . Chebyshev wavelet collocation method is based on the approximation by the truncated Chebyshev wavelets series. By using the Chebyshev collocation points, algebraic equation system has been obtained. The coefficients of the Chebyshev wavelet series can be found from the solution of the algebraic equation system. The method is applied to the linear and nonlinear boundary value problems with nonlocal boundary conditions. Calculations demonstrated that the accuracy of the Chebyshev wavelet collocation method is quite good even for the case of a small number of grid points.
Chebyshev Wavelet method
Wavelets have been used in many different fields of science and engineering in recent years. They constitute a family of functions constructed from dilation and translation of a single function called the mother wavelet. If the dilation parameter a and the translation parameter b vary continuously, the following family of continuous wavelets can be obtained [34] 
Chebyshev wavelets are written as
where k = 0, 1, 2, ... , n = 1, 2, ..., 2 k , m is degree of Chebyshev polynomials of the first kind and x denotes the normalized time. They are defined on the interval [0, 1) by:
where
and T m (2 k+1 x − 2n + 1) are Chebyshev polynomials of the first kind of degree m orthogonal with respect to the weight function w n (x) = w(
w [0, 1] may be expanded as:
and . , . denotes the inner product with weight function w n (x) in Eq. (2.4). Truncated form of Eq. (2.3) can be written as:
where C and Ψ(x) are 2 k M × 1 columns vectors given by:
The integration of the ψ nm (x) given in Eq. (2.2) can be represented as
For m = 0, m = 1 and m > 1, p nm (x) can be obtained as
where u = 2 k+1 x − 2n + 1. The integration of the Ψ(x) can be represented as
The second integrations of the Ψ(x)can be represented as
The r th integrations of the Ψ(x)can be represented as
Dimensions of the matrices L r and F r are (M + r − 1) × (M + r). Hence P r has the dimension 2 k (M + r − 1) × 2 k (M + r).
Chebyshev Wavelet collocation method for BVPs with nonlocal conditions
Consider Eq. (1.1) or Eq. (1.2) with the nonlocal boundary conditions
We assume that y (r) (x) can be expanded in terms of truncated Chebyshev wavelet series as
By successively integrating Eq. (3.1) from 0 to x, the following equations are obtained
. . .
Theorem 3.1. Chebyshev wavelet expression for zth-order derivatives of unknown function y(x) satisfying nonlocal boundary conditions
are given as for z = 0, 1, ..., m j − 1: 
Proof. By successively integrating Eq. (3.5) from x j to x and using boundary conditions
the following expressions are obtained:
where z = 0, 1, ..., m j − 1. This is Eq. (3.6) given in Theorem 3.1. For z = 0, the following equation can be obtained.
If boundary condition y(x β +1 ) − y(x β +2 ) = b r can be satisfied, the following equation can be obtained as:
where m 1 + m 2 + ... + m β = r − 1. 
is obtained, where y (t−1) (0) is obtain as
Replacing (3.1)-(3.6) into Eq. (1.1) or Eq. (1.2), we have linear or nonlinear algebraic equations respectively. The collocation points can be taken as 2 k+1 x ni − 2n + 1 = cos
which are also called the turning points of T M+1 (2 k+1 x − 2n + 1). Substituting the Chebyshev collocation points into linear or nonlinear algebraic equations, a discretizised form of the vectors Ψ(x ni ),Ψ 1 (x ni ) and Ψ r (x ni ) can be obtained. Hence, we obtain linear or nonlinear algebraic equations systems. By solving linear or nonlinear algebraic equation systems, we can find the coefficients of the Chebyshev wavelet series that satisfied differential equation and its initial or boundary conditions.
Error analysis
For error analysis of Chebyshev wavelet method, the following Lemma and Theorems are given. Since the truncated Chebyshev wavelets series
is an approximate solution of given problem and y(x) is an exact solution, an error function f (x) can be given as:
The error bound of the approximate solution obtained by using truncated Chebyshev wavelets series is given by the following theorem. with analytic solution y(x) = 1 + sinh(x). It is assumed that y 4 (x) can be expanded in terms of truncated Chebyshev wavelet series as
By integrating this equation from 0 to xand using boundary condition,
is obtained. By integrating this equation three times from 1 4 to x and using boundary conditions, following equations are obtained. By using boundary condition y 
− e x P 1 P 2 P 3 P 4 Ψ 4 (
− e x sinh( which is satisfied differential equation and whose boundary conditions can be obtained. Table 1 shows the absolute errors for M = 4, k = 0, M = 4, k = 1, M = 4, k = 2, M = 8, k = 0 and M = 16, k = 0. As can be seen in Table 1 , the results obtained by the proposed method are superior from Reproducing Kernel Method [19] for small grid points such as M = 4, k = 0.
Example 5.2. Consider the second order nonlinear boundary value problem [21] .
It is assumed that y (x) can be expanded in terms of truncated Chebyshev wavelet series as
Similar process given in Example 5.1, the following equations can be obtained
Nonlinear algebraic equation system achieved from Eq. (5.11) by using collocation points can be solved and the coefficients C T in Eq. (5.10) which is satisfied differential equation and whose boundary conditions are obtained. Table 2 shows the approximate solutions for
As can be seen in Table 2 that the results obtained by the proposed method are satisfied the boundary condition y (1) − y It is assumed that y (x) can be expanded in terms of truncated Chebyshev wavelet series as
Nonlinear algebraic equation system achieved from Eq. (5.14) by using collocation points can be solved and the coefficients C T in Eq. (5.13) satisfied differential equation and whose boundary conditions are obtained. Table 3 shows the approximate solutions for M = 4, k = 0, M = 4, k = 2, M = 16, k = 0 and M = 16, k = 1. As can be seen in Table 3 , the precisions of approximate solutions obtained by the proposed method increase when number of grid points increase. The results obtained by the proposed method for small grid points such as M = 4, k = 0 are superior from Homotopy Perturbation Method and Optimal Homotopy Asymptotic Method in [17] . with analytic solution y(x) = 1 + sin(x). Similar process given in Example 5.1, the following equations can be obtained Table 4 shows the absolute errors for M = 4, k = 0, M = 4, k = 1, M = 4, k = 2, M = 8, k = 0 and M = 16, k = 0. As can be seen in Table 4 and Fig. 1 , absolute errors tend to zero when number of grid points increase. The results obtained by the proposed method for small grid points such as M = 4, k = 0 are superior.
Conclusion
Chebyshev wavelet collocation method has been applied to the one linear and three nonlinear nonlocal boundary value problems. Approximate and exact solutions of examples are correspondingly compared. For Example 1, the comparisons of the absolute errors given in Table 1 , it is clear that the results obtained by the proposed method are better than Reproducing Kernel Method [19] . Numerical results of Example 2 which is given in Table 2 are stable when number of grid points increase. It can be seen that results of proposed method for small grid points such as M = 4, k = 0 are superior to the results of Monotone Iterative Method [21] as given in Table 2 . Numeric solutions of Example 3 for various values of M and k are given in Table 3 . The precisions of approximate solutions obtained by the proposed method increase when number of grid points increase as can be seen in Table 3 . For small grid points such asM = 4, k = 0, the results of proposed method are superior to the results of Homotopy Perturbation Method and Optimal Homotopy Asymptotic Method in [17] . Absolute errors of Example 4 are given in Table 4 and Fig 1 for various values of M and k. As can be seen from Table 4 and Fig 1, absolute errors tend to zero when number of grid points increase and the proposed method is highly efficient and accurate. All of the calculations in this study have been made by the Maple program. Newton Raphson method has been used to solve nonlinear algebraic equation systems. These calculations demonstrate that the accuracy of the Chebyshev wavelet collocation method is quite good even for small number of grid points. In proposed method, there are no complex integrals or methodology. Applications of this method are very simple. It is also very convenient for solving the initial, boundary and nonlocal boundary value problems since the initial, boundary and nonlocal conditions are automatically taken in the solution. In addition, it can be concluded that the proposed method is reliable, simple, fast, minimal computation costs, flexible, and convenient alternative method. 
